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ABSTRACT
Heavy Quark Effective Theory (HQET) is a new approach to
QCD problems involving a heavy quark. In the leading approx-
imation, the heavy quark is considered as a static source of the
gluon field; 1/m corrections can be systematically included in the
perturbation theory. New symmetry properties not apparent in
QCD appear in HQET. They are used, in particular, to obtain re-
lations among heavy hadron form factors. HQET also simplifies
lattice simulation and sum rules analysis of heavy hadrons.
Part 1 contains discussion of the effective lagrangian, mesons,
baryons, and renormalization. Part 2 will contain 1/m correc-
tions, nonleptonic decays, and interaction with soft pions.
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1. Effective Lagrangian
Recently an interesting new approach to QCD problems involving a heavy
quark was proposed, namely the Heavy Quark Effective Theory (HQET). In
the leading approximation, the heavy quark is considered as a static source
of the gluon field; 1/m corrections can be systematically included in the
perturbation theory. This simplification is similar to considering a hydrogen
atom instead of a positronium. New symmetry properties not apparent in
QCD appear in HQET. They are used, in particular, to obtain relations
among heavy hadron form factors. However, in QCD even such a simplified
problem is unsolvable. Approximate methods such as lattice simulation or
sum rules are necessary to obtain quantitative results. Here again HQET
allows to proceed much further than QCD.
There are several good reviews of HQET [1,2,3] to which we address the
reader for an additional information. Here we widely use the properties of
currents’ correlators to obtain general results. This approach is inspired by
sum rules, though we shall not consider details of sum rules calculations. We
shall start from a very simple though approximate picture in the Sections 1–3;
some complications are discussed later.
Let’s start from the QCD Lagrangian
L = Q(iD̂ −m)Q+ qiD̂q − 1
4
GaµνG
a
µν + · · · (1.1)
where Q is the heavy quark field, q are light quark fields (their masses are not
written down for simplicity), Gaµν is the gluon field strength, and dots mean
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gauge fixing and ghost terms. It is well known that the free heavy quark
Lagrangian Q(i∂̂ −m)Q gives the dependence of the energy on the momen-
tum ε =
√
m2 + ~p 2. We shall consider problems with a single heavy quark
approximately at rest, and all characteristic momenta |~p| ≪ m. Then we
can simplify the dispersion law to ε = m. It corresponds to the Lagrangian
Q(iγ0∂0 − m)Q. In such problems it is convenient to measure all energies
relative to the level m. This means that instead of the true energy ε we shall
use the effective energy ε˜ = ε−m. Then the heavy quark energy ε˜ = 0 inde-
pendently on the momentum. The free Lagrangian giving such a dispersion
law is Qiγ0∂0Q. The spin of the heavy quark at rest can be described by a
2-component spinor Q˜ (we can also consider it as a 4-component spinor with
the vanishing lower components: γ0Q˜ = Q˜). Reintroducing the interaction
with the gluon field by requirement of the gauge invariance, we arrive at the
HQET Lagrangian [4]
L = Q˜+iD0Q˜+ qiD̂q − 1
4
GaµνG
a
µν + · · · (1.2)
The static quark field Q˜ contains only annihilation operators. There are no
heavy antiquarks in the theory, because processes of heavy quark-antiquark
pair production are suppressed by 1/m. The heavy antiquark (if present) is
described by a separate field. The field theory (1.2) is not Lorentz-invariant,
because the heavy quark defines a selected frame—its rest frame.
The Lagrangian (1.2) gives the static quark propagator
S˜(p˜) =
1
p˜0 + i0
, S˜(x) = S˜(x0)δ(~x), S˜(t) = −iϑ(t). (1.3)
In the momentum space it depends only on p˜0 but not on ~p because we have
neglected the kinetic energy. Therefore in the coordinate space the static
quark does not move. The unit 2×2 matrix is assumed in the propagator (1.3).
It is often convenient to use it as a 4× 4 matrix; in such a case the projector
1+γ0
2 excluding the lower components is assumed. The static quark interacts
only with A0; the vertex is igδ0µt
a.
One can watch how expressions for QCD diagrams tend to the corre-
sponding HQET expressions in the limit m→∞ [5]. The QCD heavy quark
propagator is
S(p) =
pˆ+m
p2 −m2 =
m(1 + γ0) + ̂˜p
2mp˜0 + p˜ 2
=
1 + γ0
2p˜0
+O
(
p˜
m
)
. (1.4)
A vertex igγµt
a sandwiched between two projectors 1+γ02 may be replaced
by igδ0µt
a (one may insert the projectors at external heavy quark legs too).
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Therefore any tree QCD diagram equals the corresponding HQET one up
to O(p˜/m) terms. In loops, momenta can be arbitrarily large, and the re-
lation (1.4) can break. But regions of large loop momenta are excluded by
the renormalization in both theories, and for convergent integrals one may
use (1.4) (see Sec. 4).
The Lagrangian (1.2) can be rewritten in covariant notations:
L = Q˜ivµDµQ˜+ · · · (1.5)
where the static quark field Q˜ is a 4-component spinor obeying the relation
v̂Q˜ = Q˜ and vµ is the quark velocity. The true total momentum pµ is related
to the effective one p˜µ by
pµ = mvµ + p˜µ, |p˜µ| ≪ m. (1.6)
The static quark propagator is
S˜(p˜) =
1 + v̂
2
1
vµp˜µ + i0
, (1.7)
and the vertex is igvµt
a. In the limit m→ ∞ the heavy quark can’t change
its velocity vµ in any processes with bounded momenta p˜µ. Therefore there
exists the velocity superselection rule [6]: heavy quarks with each velocity
vµ can be treated separately and described by a separate field Q˜v. If we are
interested in a transition of a heavy hadron with the velocity v1 into a heavy
hadron with the velocity v2, we can use the Lagrangian
L =
∑
i
Q˜iiviµDµQ˜i + · · · (1.8)
where Q˜i is the static quark field with the velocity vi (the quark Q1 is present
in the initial hadron and Q2—in the final one). These quarks have different
propagators (1.7) and vertices. They can be of the same or different flavour;
it doesn’t matter because they can’t transform into each other except by an
external current with an unbounded momentum transfer (of order m). It is
even possible to write a Lorentz-invariant Lagrangian [6]
L =
∫
d3~v
2v0
Q˜vivµDµQ˜v + · · · (1.9)
describing static quarks with all possible velocities at ones. But in any specific
problem only several heavy quarks with several velocities are involved; all
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fields Q˜v except few ones are in the vacuum state and are irrelevant, and
finite sums (1.8) are sufficient.
There is an ambiguity what quark mass m should be used in (1.6) [7]. In
general the HQET Lagrangian is Q˜(ivµDµ − δm)Q˜; the residual mass δm is
shifted when we change m. Physical quantities, of course, don’t depend on
this choice. The most convenient definition of the heavy quark mass m is one
that gives δm = 0. It corresponds to the pole of the quark propagator at
vµp˜µ = 0, or p
2 = m2 in QCD. This pole mass is gauge-invariant. There is
also an ambiguity in the exact choice of vµ in (1.6) [8]. This reparametrization
invariance relates coefficients of terms of different orders in 1/m expansion.
Quantization of the theory (1.8) was discussed in [9].
The HQET Lagrangian (1.2) possesses the SU(2) spin symmetry [10].
The heavy quark spin does not interact with gluon field in the limit m→∞
because its chromomagnetic moment vanishes. If there are nh heavy quark
flavours with the same velocity, there is the SU(2nh) spin-flavour symme-
try. For example, in the problem of transition from a heavy hadron with
the velocity v1 to a different flavour heavy hadron with the velocity v2, at
equal velocities v1 = v2 the Lagrangian (1.8) has the SU(4) spin-flavour sym-
metry which relates all form factors to the form factor of a single hadron
at zero momentum transfer (equal 1). At non-equal velocities, it has only
the SU(2)× SU(2) spin symmetry relating form factors to each other. The
Lagrangian (1.9) has the symmetry SU(2nh)
∞ × SO(3, 1).
Not only the orientation but also the magnitude of the heavy quark spin
is irrelevant in HQET. This leads to a supersymmetry group called the su-
perflavour symmetry [11]. It allows one to predict properties of hadrons with
a scalar or vector heavy quark appearing in supersymmetric extensions of the
Standard Model, in technicolor models, and in some composite models. The
scalar and vector static quark Lagrangians
L = ϕ˜+iD0ϕ˜+ · · · , L = ~˜V
+
iD0
~˜
V + · · · (1.10)
have the SU(nh) and SU(3nh) spin-flavour symmetry. This idea can also be
applied to baryons with two heavy quarks [12] because they form a small size
(of order 1/mαs) spin 0 or 1 bound state antitriplet in color.
HQET has great advantages over QCD in lattice simulation of heavy quark
problems. Indeed, the applicability conditions of the lattice approximation
to problems with light hadrons are that the lattice spacing is much less than
the characteristic hadron size, and the total lattice length is much larger than
this size. For simulation of QCD with a heavy quark, the lattice spacing must
be much less than the heavy quark Compton wavelength 1/m. For b quark it
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is impossible at present. The HQET Lagrangian does not involve the heavy
quark mass m, and the applicability conditions of the lattice approximation
are the same as for light hadrons [13]. Relation of the lattice HQET to the
continuum one was investigated in [14,15,16]. Simulation results can be found
in [17].
2. Mesons
Due to the heavy quark spin symmetry, hadrons may be classified according
to the light fields’ angular momentum and parity jP which are conserved
quantum numbers. In other words, we can switch off the heavy quark spin
using the superflavour symmetry, and then the hadron’s momentum and par-
ity will be jP . The Qq mesons are the QCD analog of the hydrogen atom.
The ground-state (S-wave) meson has jP = 12
+
; the excited P -wave mesons
have jP = 12
−
and 32
−
. When we switch the heavy quark spin on, each of
these mesons becomes a degenerate doublet. Its components are transformed
into each other by the heavy quark spin symmetry operations. We have the
ground-state doublet 0−, 1−, and the excited P -wave doublets 0+, 1+, and
1+, 2+. Splittings in these doublets (hyperfine splittings) are due to the heavy
quark chromomagnetic moment interaction violating the spin symmetry, and
are proportional to 1/m (Sect. 5).
Form factors of the ground-state mesons in HQET were considered
in [10,18,19]; applications to semileptonic B decays were discussed in the
review [20] and papers [21], and to e+e− annihilation—in [22,23]. Transition
form factors to the P -wave mesons were considered in [24,25]. A general
method of counting independent form factors applicable both to mesons and
baryons was proposed in [26], and an elegant explicit construction—in [27].
It was applied to ground state to arbitrary excited meson transitions in [28].
Two-point HQET sum rules were investigated in [29,30], and three-point
ones—in [31]. Mesons in two-dimensional QCD with the large number of
colors were considered in [32]. Here we shall use correlators of currents with
the quantum numbers of mesons in order to investigate properties of mesons
in HQET.
When the heavy quark is scalar, there is one bilinear heavy-light current
without derivatives ˜s = Q˜
+
s q (Q˜
+
s is the heavy antiquark field). It has no
definite parity; the currents ˜± = 1±γ02 ˜s have the parity P = ±1 because the
P -conjugation acts as q → γ0q. The current ˜+ has the quantum numbers of
the ground-state 12
+
meson, and ˜−—of the P -wave 12
−
meson. Currents with
the quantum numbers of mesons with higher j necessarily involve derivatives.
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In the case of real-world spin 12 heavy quark, there are 4 bilinear currents
without derivatives ˜ = Q˜Γq. Indeed, because of γ0Q˜ = Q˜, the current with
Γ = γ0 reduces to Γ = 1; γ0γ5—to γ5; σ0i—to γi; σij—to εijkγkγ5. We are
left with Γ = γ5, ~γ and 1, ~γγ5. The first pair with Γ anticommuting with
γ0 has the quantum numbers of the ground-state 0
−, 1− doublet; the second
pair with Γ commuting with γ0—of the P -wave 0
+, 1+ doublet.
Figure 1: Correlator of two HQET heavy-light currents
A correlator of any two currents containing the static quark field has the
form (Fig. 1)
i<T ˜2(x)˜
+
1 (0)> = δ(~x)Π(x0), (2.1)
Π(ω) =
∫
Π(t)eiωtdt, Π(t) =
∫
Π(ω)e−iωt
dω
2π
.
It obeys the dispersion representation
Π(ω) =
∞∫
0
ρ(ε)dε
ε− ω − i0 + · · · , Π(t) = −S˜(t)
∞∫
0
ρ(ω)e−iωtdω + · · · (2.2)
A subtraction polynomial in Π(ω) (denoted by dots) gives δ(t) and its deriva-
tives in Π(t). We can analytically continue a correlator from the half-axis
t > 0 to imaginary t = −iτ . Then Π(τ) and ρ(ω) are related by the Laplace
transform
Π(τ) = i
∞∫
0
ρ(ω)e−ωτdω, ρ(ω) =
1
2π
a+i∞∫
a−i∞
Π(τ)eωτdτ, (2.3)
where a is to the right from all singularities of Π(τ).
8
The contribution of an intermediate state |h> with the energy ε˜ to Π(t),
Π(ω), ρ(ω) is
Πh(t) = i<0|˜2|h>iS˜(t)e−iε˜t<h|˜+1 |0>,
Πh(ω) = i<0|˜2|h> i
ω − ε˜+ i0<h|˜
+
1 |0>,
ρh(ω) = <0|˜2|h><h|˜+1 |0>δ(ω − ε˜). (2.4)
We remind the reader that the HQET energy ε˜ means the true energy minus
the heavy quark mass.
The correlator of two meson currents with the scalar heavy quark has the
γ-matrix structure (Fig. 1)
i<T ˜s(x)˜s(0)> = δ(~x)Πs(x0), Πs = A+Bγ0. (2.5)
For the currents with the definite parity P we have
i<T ˜P (x)˜P (0)> = δ(~x)ΠP (x0)
1 + Pγ0
2
,ΠP = A+ PB =
1
4
Tr(1 + Pγ0)Πs.
(2.6)
Due to the linear relations (2.1–2.3), the same γ-matrix structures and re-
lations between Πs and ΠP hold in both the coordinate space and the mo-
mentum one, and also for spectral densities. When calculating the correlator
using the Operator Product Expansion (OPE), even-dimensional terms con-
tain an odd number of γ-matrices along the light quark line and after all
integrations contribute to B; odd-dimensional terms contain even number
of γ-matrices and contribute to A. If we denote <0|˜+|M, 12
+
> = f˜M, 1
2
+u
where u is the meson M wave function, then the meson’s contribution to
ρs(ω) summed over polarizations is f˜
2
M, 1
2
+δ(ω − ε˜)
∑
uu, or the contribution
to ρ+(ω) is f˜
2
M, 1
2
+δ(ω − ε˜). Similar formulae hold for 12
−
mesons.
Now let’s switch the heavy quark spin on. The correlator is (Fig. 1)
i<T ˜2(x)˜
+
1 (0)> = δ(~x)Π(x0), Π = TrΓ2
1− γ0
2
Γ1Πs. (2.7)
In Πs, γ0 may be replaced by P = ±1 for Γ1,2 (anti-) commuting with γ0,
and Πs becomes the scalar function ΠP :
Π = ΠP TrΓ2
1− γ0
2
Γ1. (2.8)
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The correlators of the currents Q˜γ5q and Q˜γiq with the quantum numbers of
the ground-state 0−, 1− mesons are equal to 2Π+ and 2δijΠ+. If we denote
<0|Q˜γ5q|M, 0−> = f˜M,0− , <0|Q˜~γq|M, 1−> = f˜M,1−~e (where ~e is the 1−
meson’s polarization vector) then the meson’s contributions to the spectral
densities are f˜2M,0−δ(ω − ε˜0−) and δij f˜2M,1−δ(ω − ε˜1−). Therefore the spin
symmetry requires that the mesons in 0− and 1− channels are degenerate
(ε˜0− = ε˜1− = ε˜), and f˜M,0− = f˜M,1− =
√
2f˜M, 1
2
+ . Similar formulae hold for
P -wave 0+, 1+ mesons.
In QCD, the meson constants are usually defined as<0|Qγµγ5q|M, 0−> =
fM,0−pµ, <0|Qγµq|M, 1−> = mfM,1−eµ, where the meson states are nor-
malized in the relativistic way: <M, ~p ′|M,~p> = 2p0δ(~p ′ − ~p). This nor-
malization is senseless in HQET; we must use the non-relativistic nor-
malization <M, ~p ′|M, ~p> = δ(~p ′ − ~p) instead. Then the definitions read√
2m<0|Qγ0γ5q|M, 0−> = mfM,0− ,
√
2m<0|Q~γq|M, 1−> = mfM,1−~e. Fi-
nally we obtain the scaling law
fM,0− = fM,1− =
2f˜M, 1
2
+
√
m
. (2.9)
Figure 2: Correlator of two HQET heavy-light currents and a heavy-heavy
current
To investigate hadron form factors in HQET, we consider correlators of
two currents ˜1,2 containing the static quark fields Q˜1,2 with the velocities
v1,2 and the heavy-heavy velocity-changing current J˜ (Fig. 2):
i2<T ˜2(x2)J˜(0)˜
+
1 (x1)> =
∞∫
0
dt2δ(x2 − v2t2)
∞∫
0
dt1δ(x1 + v1t1)K(t2, t1),
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K(ω2, ω1) =
∫
K(t2, t1)e
iω2t2+iω1t1dt2dt1, (2.10)
K(t2, t1) =
∫
K(ω2, ω1)e
−iω2t2−iω1t1 dω2
2π
dω1
2π
.
They obey the double dispersion representation
K(ω2, ω1) =
∫
ρ(ε2, ε1)dε2dε1
(ε2 − ω2 − i0)(ε1 − ω1 − i0) + · · · (2.11)
K(t2, t1) = S˜(t2)S˜(t1)
∫
ρ(ω2, ω1)e
−iω2t2−iω1t1dω2dω1 + · · ·
Subtraction terms in K(ω2, ω1) (denoted by dots) are polynomial in ω1 with
coefficients that are arbitrary functions of ω2 (given by single dispersion in-
tegrals) plus vice versa. These terms give δ(t1) and its derivatives times
arbitrary functions of t2 plus vice versa in K(t2, t1). We can analytically con-
tinue K(t2, t1) from t1,2 > 0 to t1,2 = −iτ1,2. Then K(τ2, τ1) and ρ(ω2, ω1)
are related by the double Laplace transform
K(τ2, τ1) = −
∫
ρ(ω2, ω1)e
−ω2τ2−ω1τ1dω2dω1, (2.12)
ρ(ω2, ω1) =
1
(2π)2
a+i∞∫
a−i∞
dτ2
a+i∞∫
a−i∞
dτ1K(τ2, τ1)e
ω2τ2+ω1τ1 .
The contribution of intermediate states |h1,2> with the energies ε˜1,2 to
K(τ2, τ1), K(ω2, ω1), and ρ(ω2, ω1) is
Kh2h1(t2, t1) = i
2<0|˜2|h2>iS˜(t2)e−iε˜2t2<h2|J˜ |h1>iS˜(t1)e−iε˜1t1<h1|˜+1 |0>,
Kh2h1(ω2, ω1) = i
2<0|˜2|h2> i
ω2 − ε˜2 + i0<h2|J˜ |h1>
i
ω1 − ε˜1 + i0<h1|˜
+
1 |0>,
ρh2h1(ω2, ω1) = <0|˜2|h2><h2|J˜ |h1><h1|˜+1 |0>δ(ω2 − ε˜2)δ(ω1 − ε˜1), (2.13)
where the sum over h1,2 polarizations is assumed. Let’s introduce the spin
wave functions ψ1,2 of h1,2. Then <0|˜1,2|h1,2> = f˜1,2ψ1,2, <h2|J˜ |h1> =
ψ+2 f˜21ψ1, where f˜21 is a form factor matrix in the spin space. The spec-
tral density of the correlator of the currents ˜+1,2ψ1,2 with some specific
polarizations ψ1,2 is ψ
+
2 ρ(ω2, ω1)ψ1. The contribution of |h1,2> to it is
f˜2f˜1ψ
+
2 f˜21ψ1δ(ω2 − ε˜2)δ(ω1 − ε˜1).
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The correlator of two meson currents with the scalar heavy quark ˜s2, ˜s1
and the scalar heavy-heavy current J˜s = Q˜
+
s1Q˜s2 has the γ-matrix structure
(Fig. 2)
Ks = A+B1v̂1 +B2v̂2 + Cv̂2v̂1. (2.14)
For the currents ˜P2 , ˜P1 with the definite parities we have
KP2P1 = A+ P1B1 + P2B2 +P1P2C =
1
4 Tr(1 + P1v̂1)(1 + P2v̂2)Ks
1 + P1P2v1 · v2 . (2.15)
Due to the linear relations (2.10–2.12), the same γ-matrix structures and
relations between Ks and KP2P1 hold in both the coordinate space and the
momentum one, and also for spectral densities. When calculating the cor-
relator using the OPE, even-dimensional terms contribute to B1, B2, and
odd-dimensional ones—to A, C.
It is convenient to use the “brick wall” frame in which ~v1 = −~v2 is directed
along z for counting form factors. Angular momentum projection onto z is
conserved: j2z = j1z. The reflection in any plane containing z transforms
the state |j, jz> to Pi2j |j,−jz>. Therefore the amplitude for −j1z, −j2z is
equal to that for j1z , j2z up to a phase factor; the 0→ 0 transition is allowed
only if the “naturalness” P (−1)j is conserved [26]. For example, 12
+ → 12
+
,
1
2
+ → 12
−
, and 12
+ → 32
−
transitions are described by one form factor each:
<M,
1
2
+
|J˜s|M, 1
2
+
> = ξ(chϕ)u2u1,
<M,
1
2
−
|J˜s|M, 1
2
+
> = τ1/2(chϕ)u2γ5u1, (2.16)
<M,
3
2
−
|J˜s|M, 1
2
+
> = τ3/2(chϕ)v1µu2µu1,
where chϕ = v1 · v2 is the cosine of the Minkovskian angle between the world
lines of the incoming and the outgoing heavy quark, and uµ is the Rarita-
Schwinger wave function of the spin 32 meson. Here we have slightly changed
the notations as compared to [24]: in the original notations right-hand sides
of (2.16) should contain 2τ1/2 and
√
3τ3/2. The contribution of
1
2
+
mesons
to the spectral density ρs(ω2, ω1) is f˜2f˜1ξ(chϕ)
1+v̂2
2
1+v̂1
2 δ(ω2 − ε˜2)ω1 − ε˜1),
i. e. the contribution to ρ++(ω2, ω1) is f˜2f˜1ξ(chϕ)δ(ω2 − ε˜2)ω1 − ε˜1). The
spectral density of the correlator of the currents ˜s1,2u1,2 with some specific
polarizations u1,2 is u2ρs(ω2, ω1)u1. The contribution of
1
2
+
mesons to it is
f˜2f˜1u2ξ(chϕ)u1δ(ω2 − ε˜2)δ(ω1 − ε˜1). Similar formulae hold for 12
−
mesons.
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Now let’s switch the heavy quark spin on. The correlator of ˜2 = Q˜2Γ2q,
˜1 = qΓ1Q˜1, and J˜ = Q˜1ΓQ˜2 is (Fig. 2)
K = TrΓ2
1− v̂2
2
Γ
1− v̂1
2
Γ1Ks. (2.17)
In Ks, v̂1,2 may be replaced by P1,2 = ±1 for Γ1,2 (anti-) commuting with
v̂1,2, and Ks becomes the scalar function KP2P1 :
K = KP2P1 TrΓ2
1− v̂2
2
Γ
1− v̂1
2
Γ1. (2.18)
Let’s introduce the currents qMQ˜, M = Γψ where ψ is the spin wave func-
tion, i. e. M0− = γ5 = −γ5, M1− = γµeµ = ê. The spectral density of
their correlator is ρP2P1 TrM2 1−v̂22 ΓM1; the mesons’ contribution to it is
f˜M2 f˜M1<M2|J˜ |M1>δ(ω2 − ε˜2)δ(ω1 − ε˜1). Hence we obtain [10,18]
<M2|J˜ |M1> = 1
2
ξ(chϕ)TrM2 1− v̂2
2
Γ
1− v̂1
2
M1. (2.19)
This formula expresses all form factors of transitions of a ground-state 0−,
1− meson to a ground-state 0−, 1− meson under the action of any heavy-
heavy current J˜ = Q˜2ΓQ˜1 via one universal Isgur-Wise form factor ξ(chϕ).
A similar formula with τ1/2(chϕ) holds for
1
2
+ → 12
−
transitions;M = 1, êγ5
for 0+, 1+ mesons.
A three-point correlator at ϕ = 0 is expressed via the corresponding two-
point one:
K(t2, t1) = Π(t1 + t2),
K(ω2, ω1) =
Π(ω1)−Π(ω2)
ω1 − ω2 , (2.20)
ρ(ω2, ω1) = ρ(ω1)δ(ω2 − ω1).
The first two forms follow from each other by the Fourier transform. The
third form is necessary and sufficient for the first one because of (2.2); it can
be obtained by the double backward Laplace transform (2.12) of the single
forward Laplace transform (2.3) of the first form at imaginary times. The
third form can be also obtained from the second one by taking the double
discontinuity: the discontinuity of the first term in ω2 is πiδ(ω2 − ω1)Π(ω1),
and the discontinuity of this expression in ω1 is
1
2 (2πi)
2ρ(ω1)δ(ω2 − ω1); the
second term contributes equally.
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To prove the first form, let’s consider any diagram for the two-point cor-
relator in the coordinate space (for simplicity, with the scalar heavy quark).
Vertices along the heavy quark line have the times t0 < t1 < · · · < tn−1 < tn,
and the integration in t2, . . . , tn−1 is performed. The integrand is an inte-
gral over coordinates of all vertices not belonging to the heavy quark line.
Now consider all diagrams for the three-point correlator obtained by insert-
ing the heavy-heavy vertex with time t (and ϕ = 0) to all the possible places
along the heavy quark line. These diagrams have the same integrand and
the integration regions t0 < t1 < · · · < tm−1 < t < tm < · · · < tn−1 < tn
(m = 1, . . . , n). These regions span the whole integration region of the orig-
inal diagram. Therefore the sum of this set of three-point diagrams is equal
to the two-point diagram.
The second form can be easily proved in the momentum space in the exact
analogy with the QED Ward identity using the relation iS˜(ω1 + ω
′)iiS˜(ω2 +
ω′) = iS˜(ω1)−iS˜(ω2)ω1−ω2 (Fig. 3). In particular, it implies K(ω, ω) =
dΠ(ω)
dω .
Comparing the mesons’ contributions to ρ(ω2, ω1) and ρ(ω), we see
ξ(1) = 1 (2.21)
for any 12
+
meson. For non-diagonal 12
+ → 12
+
transitions ξ(1) = 0 because
ρ(ω2, ω1) = 0 off the diagonal. The physical meaning of this is simple: when
the current J˜ replaces the old heavy quark by the new one with the same
velocity and color, light fields don’t notice it. The formulae for the form
factors at ϕ = 0 equivalent to (2.19, 2.21) were first proposed in the quark
model framework [33].
The variable chϕ is related to the momentum transfer q2 (for simplicity
in the case of equal heavy quark masses) by the formula q2 = 2m2(1− chϕ).
Form factors are analytic functions of q2 with the cut in the annihilation chan-
nel from 4m2 to +∞. Therefore the Isgur-Wise function ξ(chϕ) is an analytic
function in the chϕ plane with the cut from −1 to −∞. Geometrically speak-
ing, chϕ > 1 corresponds to Minkovskian angles between the incoming and
outgoing heavy quark world lines (scattering or decay); chϕ = 1 means the
straight world line—no transition at all; nothing special happens at chϕ < 1,
only the angle becomes Euclidean; chϕ = −1 is really a singular point where
the quark returns along the same world line; chϕ < −1 corresponds again
to Minkovskian angles only one of the world lines is directed to the past
(annihilation).
In the rest of this Section, we shall for simplicity live in the world with the
scalar b quark decaying into the scalar c quark plus the scalarW boson. Their
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Figure 3: Proof of the Ward identity. A digit 1 (2) near a heavy quark line
means that its energy includes ω1 (ω2)
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masses can be adjusted in such a way as to give any desired chϕ. The quark
decay matrix element is simply M = g where g is the coupling constant.
Until now we discussed exclusive decays of the 12
+
B meson. Inclu-
sive decays can be also treated in HQET [34,35]. The matrix element of
the decay B → X + W (where X is any hadronic state containing the
c quark) has the structure M = gψ2(X)u1. Its spin-averaged square is
|M |2 = g22 Tr 1+v̂12 ψ2(X)ψ2(X). Let’s sum over hadronic states X with the
energy ε˜:
W (ε˜, chϕ) =
∑
X
ψ2(X)ψ2(X)δ(ε˜X − ε˜) = a+ bv̂2,
dΓ = dΓ0w(ε˜, chϕ)dε˜, (2.22)
w(ε˜, chϕ) =
1
2
Tr
1 + v̂1
2
W (ε˜, chϕ) = a+ b chϕ.
The meson decay rate dΓ differs from the quark decay rate dΓ0 by the struc-
ture function w(ε˜, chϕ) where ε˜ is the energy of the hadronic state X (minus
the c quark mass) in the v2 rest frame. The quark-hadron duality tells us
that the total meson decay rate is equal to the quark one. This is the Bjorken
sum rule [34,35]
∞∫
0
w(ε˜, chϕ)dε˜ = 1. (2.23)
The second sum rule follows from the momentum conservation [36]. The
initial ground-state meson has the energy ε˜g in the v1 rest frame. In the v2
rest frame this corresponds to the energy ε˜g chϕ plus an irrelevant momentum
orthogonal to v2. Therefore the average energy of the hadronic systemX must
be ∞∫
0
w(ε˜, chϕ)ε˜dε˜ = ε˜g chϕ. (2.24)
Inclusive semileptonic B decays in HQET were also discussed in [37].
Now we shall explicitly write down some contribution to this sum rule.
The spin-averaged matrix elements squared for the decays 12
+ → 12
+
, 12
+ →
1
2
−
, and 12
+ → 32
−
(2.16) are
|M |2
1
2
+ =
g2ξ2
2
Tr
1 + v̂1
2
1 + v̂2
2
= g2ξ2
chϕ+ 1
2
,
|M |2
1
2
− =
g2τ21/2
2
Tr
1 + v̂1
2
γ5
1 + v̂2
2
γ5 = g
2τ21/2
chϕ− 1
2
, (2.25)
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|M |2
3
2
− = g
2τ23/2
(chϕ+ 1)2(chϕ− 1)
3
.
Here we have used the Rarita-Schwinger density matrix. The decay 12
+ → 12
+
is S-wave, hence |M |2 is constant at ϕ→ 0. The decays 12
+ → 12
−
, 12
+ → 32
−
are P -wave, hence |M |2 ∼ ϕ2. The decays to the D-wave mesons 32
+
, 52
+
are
D-wave with |M |2 ∼ ϕ4, etc. Matrix elements squared in the annihilation
channel W → BD differ from (2.25) by the absence of the factor 12 coming
from the averaging over the initial meson spin states. The first decay W →
1
2
− 1
2
+
is P -wave, the second one W → 12
− 1
2
−
is S-wave, and the third one
W → 12
− 3
2
−
is D-wave. This determines the threshold behavior of (2.25) at
chϕ→ −1.
Therefore the Bjorken sum rule reads [24]∑
1
2
+
ξ2
chϕ+ 1
2
+
∑
1
2
−
τ21/2
chϕ− 1
2
+
∑
3
2
−
τ23/2
(chϕ+ 1)2(chϕ− 1)
3
+ · · · = 1,
(2.26)
where the sums are over resonances in the jP channels, and dots mean con-
tributions of other channels (see [28]). The Burkardt sum rule (2.24) has the
similar form. The simplest consequence of (2.26) is that the decay rate to the
ground-state 12
+
meson is less than the total one:
ξ(chϕ) ≤
√
2
chϕ+ 1
. (2.27)
Of course, at chϕ≫ 1 most decays are inelastic, and ξ(chϕ)≪ 1/√chϕ.
Let’s consider the Bjorken sum rule (2.26) at small chϕ− 1, and expand
it to the linear terms. The channels denoted by dots don’t contribute be-
cause they are at least D-wave. Higher resonances in the 12
+
channel don’t
contribute because they have ξ(chϕ) = O(chϕ− 1). We are left with [24]
ξ′(1) = −1
4
− 1
4
∑
1
2
−
τ21/2(1)−
2
3
∑
3
2
−
τ23/2(1). (2.28)
This gives us the Bjorken bound ξ′(1) < − 14 (evident also from (2.27)). Sim-
ilarly, the Burkardt sum rule (2.24) leads to the optical (Thomas-Reiche-
Kuhn) sum rule [38]
1
4
∑
1
2
−
(ε˜1/2 − ε˜g)τ21/2(1) +
2
3
∑
3
2
−
(ε˜3/2 − ε˜g)τ23/2(1) =
1
2
ε˜g. (2.29)
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It can be used for obtaining bounds on ξ′(1) [38].
It is also possible to establish the bound on the Isgur-Wise form factor
at the cut [39]: the decay rate W → BD is less than the total decay rate
W → bc. The meson decay rate for each flavour is given by (2.25) without
the spin-averaging factor 12 ; the quark decay rate is |M |2 = g2Nc where Nc
is the number of colors. If there are nl light flavours for which ξ(chϕ) is
approximately the same, then
nl|ξ(chϕ)|2| chϕ+ 1| ≤ Nc. (2.30)
In general the left-hand side is the sum over light flavours. The factor nl
was erroneously omitted in [39]; the phrase justifying this seems to have no
sense. At | chϕ| ≫ 1, the BD channel constitutes a small fraction of the
total W → bc width, and |ξ(chϕ)| ≪ 1/
√
| chϕ|. One could include also
higher states’ contributions in the left-hand side; this should be done with
caution because of the possibility of double counting. The inequality (2.30)
is applicable only sufficiently far from the threshold, at | chϕ + 1| ≫ π2α2s.
Near the threshold the Coulomb interaction between the heavy quark and
antiquark is essential. The total decay width on the right-hand side is not
equal to its free-quark value Nc; it contains high narrow resonances at the
quarkonium levels. Moreover, the very concept of the Isgur-Wise form factor
is inapplicable in this region. The HQET picture is based on the fact that
heavy quarks move along straight world lines, but at velocities ∼ παs they
really rotate around each other.
If the inequality (2.30) were true everywhere on the cut, we would im-
mediately arrive at a paradox [40]. Consider the function f(chϕ) analytic
in the chϕ plane with the cut from −1 to −∞. On the cut |f |2 ≤ Nc2nl , and
f(1) = 1. This is consistent with the maximum modulus theorem only at
2nl ≤ Nc (2.31)
what is not the case in our world. The more detailed analysis [40] shows that
it is possible to obtain similar inequalities (with the constant smaller than
2) using weight functions that are rather insensitive to the threshold region,
and the paradox remains.
HQET can also be used for description of heavy to light transitions [41]
and rare B decays [42]. In these cases the heavy quark spin symmetry is not
so restrictive, and more form factors are necessary. Relations between B and
D decays can be established using the heavy quark spin-flavour symmetry
and the isospin symmetry. Inclusive heavy to light decays are considered
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in [35]; they are described by several structure functions obeying sum rules
in the deep inelastic region.
An interesting approach in which the parameter
(
ϕmax
2
)2
=
(
mb−mc
mb+mc
)2
is
considered small was proposed in [43]. To the leading order in this parameter,
the quark-hadron duality is perfect: the b → cW quark decay rate is equal
to the B → DW meson decay rate (see (2.26)). This is true for all heavy
quark polarizations; in particular, the hadronic tensor <B|˜|X><X |˜+|B>
summed over ground state mesons X = D, D∗ is equal to the corresponding
quark tensor summed over c polarizations.
3. Baryons
For ground-state baryons, the light quark spins can add giving jP = 0+ or
1+. In the first case their spin wave function is antisymmetric, the Fermi
statistics and the antisymmetry in color require an antisymmetric flavour
wave function. Hence the light quarks must be different; if they are u, d then
their isospin I = 0. With the heavy quark spin switched off, we have the 0+
I = 0 baryon ΛQ. If one of the light quarks is s, we obtain the isodoublet Ξ
′
Q
forming together with ΛQ the SU(3) antitriplet. In the 1
+ case the flavour
wave function is symmetric; if the light quarks are u, d then their isospin
I = 1. So we have the 1+ isotriplet ΣQ; with one s quark—the isodoublet
ΞQ; with two s quarks—the isosinglet ΩQ. Together they form the SU(3)
sextet. With the heavy quark spin switched on, the scalar baryons ΛQ, Ξ
′
Q
become 12
+
; the vector baryons form degenerate 12
+
, 32
+
doublets ΣQ, Σ
∗
Q;
ΞQ, Ξ
∗
Q; ΩQ, Ω
∗
Q.
Baryons and their form factors in HQET were considered in [44,45,46].
Two-point and three-point HQET sum rules were investigated in [47].
Baryon currents with the scalar heavy quark have the form ˜s =
εabc(qTaCΓτqb)Q˜cs where q
T means q transposed and C is the charge con-
jugation matrix (because qTC is transformed like q under the action of the
Lorentz group). Here τ is a flavour matrix, symmetric for 0+ baryons and
antisymmetric for 1+ ones. We shall abbreviate it to ˜s = (q
TCΓq)Q˜s. A
light quark pair with jP = 0+ corresponds to the current a = qTCγ5q, and
with 1+—to ~a = qTC~γq (one can easily check it using the P -conjugation
q → γ0q). It is also possible to insert γ0 into these currents without chang-
ing their quantum numbers. So, the scalar heavy quark currents with the
quantum numbers of ΛQ, ΣQ are ˜Λs = aQ˜s, ~˜Σs = ~aQ˜s.
With the real-world spin 12 heavy quark, the current ˜ = aQ˜ has the spin
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1
2 ; the current
~˜ = ~aQ˜ contains spin 12 and spin
3
2 components. The part
~˜3/2 =
~˜+ 13~γ ~γ ·~˜ satisfies the condition ~γ ·~˜3/2 = 0 and hence has the spin 32 .
The other part ~˜1/2 = − 13~γ ~γ · ~˜ = 13~γγ5˜1/2, ˜1/2 = ~a · ~γ γ5Q˜ has the spin 12 .
Finally we obtain the currents ˜ = (qTCΓq)Γ′Q˜ with the quantum numbers
of ΛQ, ΣQ, Σ
∗
Q [47]
˜Λ = (q
TCγ5q)Q˜, ˜Σ = (q
TC~γq)·~γ γ5Q˜, ~˜Σ∗ = (qTC~γq)Q˜+
1
3
~γ(qTC~γq)·~γQ˜,
(3.1)
and similar currents with the extra γ0 inside the brackets.
Figure 4: Correlator of two HQET baryonic currents
The correlators of two baryon currents with the scalar heavy quark have
the structure (Fig. 4)
i<T ˜Λs(x)˜
+
Λs(0)> = δ(~x)Tr τ
+τΠΛ(x0), (3.2)
i<T ˜Σsi(x)˜
+
Σsj(0)> = δijδ(~x)Tr τ
+τΠΣ(x0).
From now on we shall for simplicity assume the normalization Tr τ+τ = 1. If
we denote <0|˜Λ|ΛQ, 0+> = f˜Λ,0+ , <0|~˜Σ|ΣQ, 1+> = f˜Σ,1+~e, then the baryon
contribution to ρΛ,Σ(ω) is f˜
2
Λ,Σδ(ω − ε˜Λ,Σ).
Now let’s switch the heavy quark spin on. The correlators are (Fig. 4)
Π =
(
Γ′1
1 + γ0
2
Γ
′
2
)
Πs, (3.3)
where tensor indices may be contracted between Πs and Γ
′
1,2. The same
relation holds for Π(t), Π(ω), and ρ(ω). For ΛQ, ΣQ, Σ
∗
Q we obtain
ρΛ =
1 + γ0
2
ρΛs,
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ρΣ = γiγ5
1 + γ0
2
γjγ5δijρΣs = 3
1 + γ0
2
ρΣs, (3.4)
ρΣ∗ =
(
δii′ − 1
3
γiγi′
)
1 + γ0
2
(
δjj′ − 1
3
γjγj′
)
δi′j′ρΣs
=
1 + γ0
2
(
δij +
1
3
γiγj
)
ρΣs.
If we denote <0|˜Λ|ΛQ, 12
+
> = f˜Λ, 1
2
+u, <0|˜Σ|ΣQ, 12
+
> = f˜Σ, 1
2
+u,
<0|~˜Σ∗ |Σ∗Q, 32
+
> = f˜Σ∗, 3
2
+~u, then the baryon contributions to (3.4) are
1+γ0
2 f˜
2
Λ, 1
2
+δ(ω− ε˜Λ), 1+γ02 f˜2Σ, 1
2
+δ(ω− ε˜Σ), 1+γ02
(
δij +
1
3γiγj
)
f˜2
Σ∗, 3
2
+δ(ω− ε˜Σ).
ΛQ is a spin symmetry singlet, therefore there are no interesting predictions of
the spin symmetry in this channel. Baryons in ΣQ and Σ
∗
Q channels are degen-
erate: ε˜Σ, 1
2
+ = ε˜Σ∗, 3
2
+ = ε˜Σ,1+ , and
1√
3
f˜Σ, 1
2
+ = f˜Σ∗, 3
2
+ = f˜Σ,1+ . Note that
both sides of the definitions <0|j|B> = fBu get the same factor
√
2m when
going from the relativistic normalization to the nonrelativistic one. Therefore
the QCD quantities fB = f˜B don’t depend on m (compare with (2.9)).
Figure 5: Correlator of two HQET baryonic currents and a heavy-heavy
current
The correlators of two baryon currents with the scalar heavy quark and
the scalar heavy-heavy current J˜s have the structure (Fig. 5)
i2<T ˜Λs(x2)J˜s(0)˜
+
Λs(x2)> = Tr τ
+τ
∞∫
0
dt2δ(x2 − v2t2)
∞∫
0
dt1δ(x1 + v1t12)KΛ(t2, t1), (3.5)
i2<T ˜Σsµ(x2)J˜s(0)˜
+
Σsν(x2)> = Tr τ
+τ
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∞∫
0
dt2δ(x2 − v2t2)
∞∫
0
dt1δ(x1 + v1t12)KΣµν(t2, t1),
KΣµν = KΣ||e2||µe1||ν +KΣ⊥δ⊥µν ,
where e1|| = (v2 − chϕv1)/ shϕ, e2|| = −(v1 − chϕv2)/ shϕ are the
ΣQ polarization vectors in the scattering plane, δ⊥µν =
∑
e⊥µe⊥ν =
[chϕ(v1µv2ν + v2µv1ν)− v1µv1ν − v2µv2ν ] / sh2 ϕ− gµν .
According to the rules [26], the transition ΛQ → ΛQ is described by one
form factor (j1z = j2z = 0); ΛQ → ΣQ is forbidden by naturalness; ΣQ → ΣQ
is described by two form factors (j1z = j2z = 0 and ±1):
<ΛQ|J˜s|ΛQ> = ξΛ(chϕ), (3.6)
<ΣQ|J˜s|ΣQ> = ξΣµνe∗2µe1ν , ξΣµν = ξΣ||(chϕ)e2||µe1||ν + ξΣ⊥(chϕ)δ⊥µν .
The contribution of ΛQ, ΣQ to ρΛ,Σ||,Σ⊥(ω2, ω1) is f˜2Λ,ΣξΛ,Σ||,Σ⊥δ(ω2 −
ε˜Λ,Σ)δ(ω1− ε˜Λ,Σ). The spectral density of the correlator of the currents ˜+Σµeµ
with some specific polarizations e1,2 is ρΣµνe
∗
2µe1ν ; the ΣQ contribution to it
is f˜2ΣξΣµνe
∗
2µe1ν .
Now let’s switch the heavy quark spin on. The correlators are (Fig. 5)
K =
(
Γ′2
1 + v̂2
2
Γ
1 + v̂1
2
Γ
′
1
)
Ks (3.7)
Let’s introduce the currents ˜u = (qΓC−1qT )Q˜B, B = Γ′u. Rewriting (3.1) in
the covariant form ˜Σ = (Q
TCγµq)Γ
′
µQ˜, ˜Σ∗ν = (Q
TCγµq)Γ
′
µνQ˜, we obtain
BΛ = u, BΣµ = −(γµ+vµ)u, BΣ∗µ = uµ. The spectral density of the correlator
is
(
B2 1+v̂22 Γ 1+v̂22 B1
)
ρs (where tensor indices may be contracted between
ρs and B1,2); the baryons’ contribution to it is f˜B2 f˜B1<B2|J˜ |B1>δ(ω2 −
ε˜2)δ(ω1 − ε˜1). Hence we obtain [44,45,46]
<ΛQ|J˜ |ΛQ> = ξΛ(chϕ)u2Γu1,
<ΣQ|J˜ |ΣQ> = 1
3
ξΣµνu2(γµ + v2µ)γ5Γ(γν − v1ν)γ5u1,
<Σ∗Q|J˜ |ΣQ> =
1√
3
ξΣµνu2µΓ(γν − v1ν)γ5u1, (3.8)
<Σ∗Q|J˜ |Σ∗Q> = ξΣµνu2µΓu1ν .
The result for ΛQ is particularly simple because light fields have j
P = 0+,
and the spin of ΛQ is carried by the heavy quark.
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At the point ϕ = 0
ξΛ(1) = ξΣ||(1) = ξΣ⊥(1) = 1 (3.9)
(at this point ξΣij = δij because there are no selected directions).
Inclusive ΛQ decays were treated in [34,35]. With the scalar heavy quarks,
the matrix element of the decay ΛQ → X has the structure M = gϕ∗2(X)ϕ1
where phi1 is the scalar ΛQ wave function. The ΛQ decay rate is given
by (2.22) with the structure function w(ε˜, chϕ) =
∑
X ϕ
∗
2(X)ϕ2(X)δ(ε˜X − ε˜)
obeying the Bjorken sum rule (2.23). Transitions to the excited baryons and
their contribution to the Bjorken sum rule were considered in [48,49].
Polarization effects in ΛQ decays were discussed in [50]. Heavy to light
baryon transitions were considered in [45,46]; they are described by several
form factors. Inclusive heavy to light decays and sum rules for them in the
deep inelastic region were investigated in [35]. At a large number of colors,
baryons are bound states of a chiral soliton and a meson; this model was
considered in [51].
4. Renormalization
Renormalization properties (anomalous dimensions etc.) of HQET are dif-
ferent from that of QCD. The ultraviolet behavior of a HQET diagram is
determined by the region of loop momenta much larger than all character-
istic scales of the process but much less than the heavy quark mass which
tends to infinity from the very beginning. It has nothing to do with the ul-
traviolet behavior of the corresponding QCD diagram with the heavy quark
line which is determined by the region of loop momenta much larger than the
heavy quark mass. In the conventional QCD the first region produces hybrid
logarithms [52,53], and the problem of summation of these logarithmic cor-
rections is highly nontrivial. In HQET hybrid logarithms become ultraviolet
logarithmic divergences governed by the renormalization group with corre-
sponding anomalous dimensions. For example, correlators of QCD meson
currents contain large hybrid logarithmic corrections αs log
m
ω . Correlators of
the corresponding HQET currents contain instead corrections αs log
ω
µ where
µ is the normalization point. The dependence on µ is determined by the
currents’ anomalous dimensions; the corrections are small at µ ∼ ω.
HQET is closely related to the theory of Wilson lines in QCD [54]. As
follows from the Lagrangian (1.2), the static quark propagator in a gluon field
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is the straight Wilson line
S˜(x) = −iϑ(x0)δ(~x)P exp ig
∫
Aµdxµ. (4.1)
The effective Lagrangian identical to the HQET Lagrangian (1.5) (strictly
speaking, with the scalar static quark Lagrangian (1.10)) was proposed in [55]
for investigation of Wilson lines. Their renormalization properties were con-
sidered in [56].
One-loop renormalization of straight Wilson lines (static quark propaga-
tors) and cusps on them (heavy-heavy velocity changing currents) are known
from [54]. Two-loop calculation [57] for straight Wilson lines is incorrect; the
correct result was obtained in [58]. It was also obtained in [59] starting from
the on-shell renormalization of the QCD heavy quark propagator at finite m,
and in [60,61] in the HQET framework. Two-loop renormalization of a cusp
on a Wilson line was first considered in [58], but the authors were unable to
get rid of all double integrals. A simple result containing only simple single
integrals was obtained in [62]. The attempt [63] in the HQET framework was
unsuccessful: the result contains a double integral (with a variable undefined
in the paper); some other integrals are in fact equal to 0 or each other.
One-loop renormalization of the heavy-light bilinear current in HQET was
first considered in [52,53]. Two-loop corrections were obtained in [60,61] (in
the second paper, a different external momentum configuration was chosen
which made calculations more difficult). Four-quark operators with two static
quark fields were also investigated in [61]. One-loop renormalization of baryon
currents was considered in [47].
We shall use MS scheme, the space dimension D = 4 − 2ε. The HQET
lagrangian (1.2) expressed via bare fields and couplings is
L = Q˜+b i(∂ − igbAab ta)0Q˜b + qbi(∂̂ − igbÂab ta)q
− 1
4
GabµνG
a
bµν +
1
2ab
(∂µA
a
bµ)
2 + (ghost). (4.2)
The bare quantities are related to the renormalized ones as
Q˜b = µ
−εZ˜1/2Q Q˜, qb = µ
−εZ1/2q q, A
a
bµ = µ
−εAaµ,
gb = µ
εZ1/2α g, ab = ZAa, (4.3)
where Zq, ZA, Zα are the same as in QCD with nl light flavours (there are
no static quark loops), and µ2 = µ2eγ/4π, µ is the normalization point.
The static quark field renormalization constant Z˜Q is determined from the
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requirement that the renormalized propagator S˜(ω) = S˜b(ω)/Z˜Q is finite.
If we denote the sum of bare one-particle-irreducible static quark diagrams
−iΣ˜b(ω), then the propagator S˜b(ω) = S˜0(ω) + S˜0(ω)Σ˜b(ω)S˜0(ω) + · · · =
1/(ω − Σ˜b(ω)).
Figure 6: HQET mass operator
The bare one-loop HQET mass operator (Fig. 6) in the Feynman gauge
ab = 0 is
Σ˜(ω) = −iCF g2b
∫
dDk
(2π)D
1
k2(ω + k0)
(4.4)
where CF =
N2c−1
2Nc
. A variant of the Feynman parametrization
1
aαbβ
=
Γ(α+ β)
Γ(α)Γ(β)
∞∫
0
yβ−1dy
(a+ yb)α+β
(4.5)
is used to combine a square denominator a with a linear denominator b; the
parameter y has the dimension of mass. We have
Σ˜(ω) = −iCF g2b
∞∫
0
dy
∫
dDk
(2π)D
1
(k2 + yk0 + yω)2
. (4.6)
The denominator is equal to k′2 − y24 + ωy, k′ = k + y2v. Using the standard
formula ∫
dDk
(2π)D
1
(k2 − a2)n =
i(−1)nΓ(n− D2 )(a2)D/2−n
(n− 1)!(4π)D/2 , (4.7)
we obtain
Σ˜(ω) =
CF g
2
b
(4π)D/2
Γ
(
2− D2
) ∞∫
0
(
y2
4
− ωy
)D/2−2
dy. (4.8)
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The integral
∞∫
0
yα(ay + b)βdy =
bα+β+1
aα+1
Γ(−1− α− β)Γ(1 + α)
Γ(−β) (4.9)
is calculated using the substitution y = ba
(
1
z − 1
)
. Finally,
Σ˜(ω) =
CF g
2
b
(4π)D/2
2(−2ω)D−3Γ(3−D)Γ (D2 − 1) . (4.10)
Requiring the finiteness of S˜(ω) = S˜b(ω)/Z˜Q with a minimal Z˜Q = 1 + c
αs
ε ,
we find
Z˜Q = 1 + CF
αs
2πε
. (4.11)
Figure 7: Heavy-light vertex
Now we shall consider renormalization of a heavy-light bilinear current.
The bare current ˜b = Q˜bΓqb is related to the renormalized one as ˜b =
µ−2εZ˜j ˜, or Q˜Γq = Z˜Γ˜ where Z˜j = Z
1/2
q Z˜
1/2
Q Z˜Γ. Then the matrix element
Γ˜ = <Q˜|Q˜Γq|q> = Z˜Γ<Q˜|˜|q> where the matrix element of ˜ is finite. The
vertex Γ˜ does not include corrections on the external legs because it con-
tains renormalized fields. We shall calculate it in the one-loop approximation
(Fig. 7) in the Feynman gauge. We are interested only in the ultraviolet di-
vergence of the one-loop diagram that does not depend on external momenta.
At zero external momenta we have
Γ
[
1− iCF g2b
∫
dDk
(2π)D
k̂γ0
(k2)2k0
]
= Γ
[
1− iCF g2b
∫
dDk
(2π)D
1
(k2)2
]
(4.12)
because k̂ = k0γ0 − ~k · ~γ and the integral with ~k vanishes due to the sym-
metry. If we started from an infrared regularized matrix element (e. g. with
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nonzero external momenta or gluon mass) we would obtain an integral with
the same ultraviolet divergence but infrared safe. Separating the ultraviolet
pole we have Z˜Γ = 1 + CF
αs
4piε . Using also (4.11) and the standard QCD
renormalization constant Zq = 1− CF αs4piε in the Feynman gauge, we obtain
the gauge invariant renormalization constant [52,53,4]
Z˜j = 1 + 3CF
αs
8πε
. (4.13)
Figure 8: Heavy-heavy vertex
Similarly, the vertex ∆˜ = <Q˜2|Q˜2Q˜1|Q˜1> in the one loop approximation
(Fig. 8) in the Feynman gauge is
1− iCF g2b chϕ
∫
dDk
(2π)D
1
k2(v1k + ω1)(v2k + ω2)
(4.14)
= 1− 2iCF g2b chϕ
1∫
0
dx
∞∫
0
dy
∫
dDk
(2π)D
1
[k2 + y(xv1 + (1− x)v2)k + y(xω1 + (1− x)ω2)]3
= 1− CF g
2
b
(4π)D/2
Γ(1 + ε) chϕ
1∫
0
dx
∞∫
0
dyy−ε
[
1
4 (x
2 + (1− x)2 + 2x(1− x) chϕ)y − xω1 − (1− x)ω2
]−1−ε
= 1− CF g
2
b
(4π)D/2
4Γ(2ε)Γ(1− ε) chϕ
1∫
0
[−2ω1x− 2ω2(1− x)]−2εdx
[x2 + (1− x)2 + 2x(1 − x) chϕ]1−ε .
Retaining only the ultraviolet 1/ε pole and using the substitution x = 12 (1 +
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z cth ϕ2 ), we obtain
1− CF αs
2πε
cthϕ
+ th ϕ
2∫
− th ϕ
2
dz
1 + z2
, (4.15)
and finally Z∆ = 1 − CF αs2piεϕ cthϕ. Using (4.11) we obtain the gauge-
invariant renormalization constant Z˜J = Z˜QZ˜∆ [54,58,62,18]
Z˜J = 1− CF αs
2πε
(ϕ cthϕ− 1). (4.16)
It is equal to 1 at ϕ = 0 because then there is no cusp on the heavy quark
world line.
Knowledge of the renormalization constants Z allows us to determine the
dependence of the renormalized operators on the normalization point µ using
the renormalization group equations. Up to two loops, MS renormalization
constants have the form
Z(µ) = 1 +
αs(µ)
4π
c1
ε
+
(
αs(µ)
4π
)2 (c22
ε2
+
c21
ε
)
+ · · · (4.17)
From gb = µ
εZ
1/2
α g = const we obtain the evolution of αs(µ):
d logαs
d log µ =
−2(ε+ β(αs)), β(αs) = 12 d logZαd log µ = β1 αs4pi + β2
(
αs
4pi
)2
+ · · ·. It is well known
that β1 =
11
3 Nc − 23nl, β2 = 343 N2c −
(
13
3 Nc − 1Nc
)
nl. Substituting the
form (4.17) for Zα we see that c1 = −β1, c22 = β21 , c21 = − 12β2, i. e. c22
is not independent. Similarly, the µ-dependence of any operator j is usually
characterized by its anomalous dimension γj =
d logZj
d logµ = γ1
αs
4pi+γ2
(
αs
4pi
)2
+· · ·.
Substituting the form (4.17) for Zj we see that c1 = − 12γ1, c22 = 18 (γ21 +
2β1γ1), c21 = − 14γ2, i. e. again c22 is determined by one-loop quantities.
In the case of a non-gauge-invariant operator, Z also depends on the gauge
parameter a(µ), and the formulae become more complicated. Solving the
renormalization group equation we obtain
j(µ) = ̂ αγ1/2β1s (µ)
[
1 +
(
γ2
2β1
− γ1β2
2β21
)
αs(µ)
4π
+ · · ·
]
, (4.18)
where ̂ is a renormalization group invariant. This formula allows us to re-
late j(µ1) to j(µ2). Here we present for reference the two-loop anomalous
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dimensions of heavy-light and heavy-heavy currents [60,62]
γ˜j = −3CFαs
4π
−
[
49
96
Nc − 5
32
CF − 5
48
nl + (4CF −Nc)π
2
24
]
CFα
2
s
π2
+ · · ·
γ˜J =
CFαs
π
(ϕ cthϕ− 1) (4.19)
+
[
− nl 5
18
(ϕ cthϕ− 1) +Nc
(1
2
+
(67
36
− π
2
24
)
(ϕ cthϕ− 1)
− cthϕ
ϕ∫
0
ψ cthψdψ + cth2 ϕ
ϕ∫
0
ψ(ϕ− ψ) cthψdψ
− shϕ
2
ϕ∫
0
ψ cthψ − 1
sh2 ϕ− sh2 ψ log
shϕ
shψ
dψ
)]CFα2s
π2
+ · · ·
Until now we discussed the renormalization inside HQET. But usually we
are interested in matrix elements of QCD operators (e. g. weak currents).
Therefore we have to discuss the relation of QCD operators to their HQET
analogues. Operators in HQET differ from those in QCD starting from the
one-loop level even if written in the same form via the fields because their ma-
trix elements are calculated using different Feynman rules. A QCD operator j
matches the corresponding HQET operator A˜ if they give identical physical
(on-shell) matrix elements between states suitable for HQET treatment (with
residual momenta much less than m). In order to calculate on-shell matrix
elements we have to use the on-shell renormalization scheme in which prop-
agators in the on-shell limit are free. For the “massless” fields q, Q˜ the bare
on-shell propagators get no corrections because loop integrals are no-scale
(ultraviolet and infrared divergences cancel). Therefore the on-shell renor-
malized fields coincide with the bare ones: q = Z
−1/2
q qos, Q˜ = Z˜
−1/2
Q Q˜os.
Note that although the expressions for the renormalization constants Zq, Z˜Q
are the same as above, all divergences in them are infrared ones because these
Z factors relate renormalized (ultraviolet-finite) fields. For the massive quark
field we haveQ = Z
−1/2
Q Qos, ZQ = 1+CF
αs
4pi
(
2
ε − 3L+ 4
)
, where L = log m
2
µ2 .
The infrared divergence of the on-shell massive quark propagator ZQ is the
same as that of the static quark propagator Z˜Q.
For the heavy-light bilinear currents we have j = Z−1Γ Z
−1/2
q Z
−1/2
Q QosΓqos,
˜ = Z˜−1Γ Z
−1/2
q Z˜
−1/2
Q Q˜osΓqos. Hence the on-shell matrix elements are
<Q|j|q> = Z−1Γ Z−1/2q Z−1/2Q Γ, <Q|˜|q> = Z˜−1Γ Z−1/2q Z˜−1/2Q Γ˜, where the
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Figure 9: Light-light → heavy-light matching
proper vertices Γ, Γ˜ are depicted on Fig. 9. We obtain the matching con-
stant
A = AQ
Γ/ZΓ
Γ˜/Z˜Γ
, AQ =
(
Z˜Q
ZQ
)1/2
= 1 + CF
αs
4π
(
3
2
L− 2
)
. (4.20)
Here ultraviolet divergences cancel in Γ/ZΓ, Γ˜/Z˜Γ by definition; infrared di-
vergences cancel between these two expressions because the infrared behavior
of QCD and HQET is identical; AQ is finite for the same reason. We choose
all quark momenta in HQET to be zero; this corresponds to the heavy quark
momentum mv (v = (1,~0)) in QCD. Then the HQET loops (Fig. 9) vanish:
Γ˜ = 1. Let’s calculate the QCD vertex Γ (Fig. 9) in the Feynman gauge
Γ− iCF g2b
∫
dDk
(2π)D
γµ(k̂ +mv̂ +m)Γk̂γµ
(k2)2(k2 + 2mvk)
(4.21)
= Γ− 2iCF g2b
1∫
0
dx(1− x)
∫
dDk
(2π)D
γµ(k̂
′ +m(1 − x)v̂ +m)Γ(k̂′ −mxv̂)γµ
(k′2 −m2x2)3 ,
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where k′ = k+mxv. The term with two k̂′ in the numerator gives k
′2
D H
2(D)Γ
where γµΓγµ = H(D)Γ; terms with one k̂
′ vanish. Terms without k̂′ give
±m2xγµ(1− x+ v̂)Γγµ = −m2x(2 ±H(D)x)Γ where the upper (lower) sign
is for Γ anticommuting (commuting) with v̂ and we have used the fact that v̂
on the left may be replaced by 1 in the on-shell matrix element. Therefore all
the terms have the common γ-matrix structure Γ; calculating the integrals,
we have the vertex
Γ = 1 + CF
αs
4π
(
m2
µ2
)−ε
2
1∫
0
dxx−2ε(1− x)
[
H2(D)
4ε
+
1
x
± H(D)
2
]
= 1 + CF
αs
4π
(
m2
µ2
)−ε
1
(1− ε)(1 − 2ε)
[
H2(D)
4ε
− 1− ε
ε
± H(D)
2
]
.(4.22)
The first divergence is ultraviolet:
ZΓ = 1 + CF
αs
4π
H2
4ε
. (4.23)
By the way, the one-loop renormalization constant of the QCD bilinear quark
currents is Zj = ZqZΓ = 1 + CF
αs
4pi
H2−4
4ε ; the vector and axial current
(H = ±2) anomalous dimension vanishes. Finally we obtain from (4.20)
the matching [4]
QΓq =
[
1 + CF
αs
4π
(
−H
2 − 10
4
L+
3
4
H2 −HH ′ ± 1
2
H − 4
)
+ · · ·
]
Q˜Γq,
(4.24)
where H ′ = dHdD . This equation holds separately for QCD currents with
Γ (anti-) commuting with γ0. If it does not have this property, it can be
split into a commuting and an anticommuting part; it then maps onto a
combination of two HQET currents. The logarithmic part of the matching
constant (4.24) is determined by the difference of anomalous dimensions of
the QCD and HQET currents; the non-logarithmic part should be included
account only when the two-loop anomalous dimension is also taken into ac-
count (4.18).
Now we shall consider the current Q˜2ΓQ1 in the effective theory where Q1
is a heavy quark with the mass m. We can go to the second effective theory
in which this quark is also considered static. The matching is obtained by
comparing the diagrams in Fig. 10. All external momenta are zero in the
second theory, therefore the loops vanish. In the first theory, the heavy quark
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Figure 10: Heavy-light → heavy-heavy matching
has the momentum mv1. The vertex is the matrix Γ times
1− iCF g2b
∫
dDk
(2π)D
(k̂ +mv̂1 +m)v̂2
k2(k2 + 2mv1k)v2k
(4.25)
= 1− 2iCFg2b
∞∫
0
dy
1∫
0
dx
∫
dDk
(2π)D
−y/2 +m(1− x)v̂1v̂2 +mv2
(k′2 − y2/4−m2x2 −mxy chϕ)3
Now we calculate the loop integrals. The parametric integrals factorize after
using the substitution y = 2mxz, and the x integrals are trivial. The upper
(lower) sign is for Γ anticommuting (commuting) with v̂2.
1 + 2CF
αs
4π
(
m2
µ2
)−ε ∞∫
0
dz
1∫
0
dxx−1−2ε
xz − 2(1− x) chϕ± x
(1 + z2 + 2z chϕ)1+ε
(4.26)
= 1 + 2CF
αs
4π
(
m2
µ2
)−ε ∞∫
0
dz
(z + 2 chϕ± 1)/(1− 2ε)− chϕ/ε
(1 + z2 + 2z chϕ)1+ε
The first ultraviolet divergent integral can be calculated by splitting the in-
tegration region at a large A and ignoring ε in the first region and 1/z in the
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second one:
∞∫
0
z dz
(1 + z2 + 2z chϕ)1+ε
=
A∫
0
z dz
1 + z2 + 2z chϕ
+
∞∫
A
dz
z1+2ε
(4.27)
= logA− ϕ cthϕ+ 1
2ε
− logA.
The second integral is convergent; we need it up to O(ε) because it is multi-
plied by the infrared pole 1/ε:
∞∫
0
dz
(1 + z2 + 2z chϕ)1+ε
=
1
shϕ
[
ϕ− ε
2
(
F (e2ϕ − 1)− F (e−2ϕ − 1))] ,
(4.28)
where
F (x) =
x∫
0
log(1 + y)
y
dy (4.29)
is the Spence function. Two Spence functions in (4.28) are not independent:
F (e2ϕ − 1) + F (e−2ϕ − 1) = 2ϕ2. The vertex is
Γ = 1 + CF
αs
4π
[
1
ε
− 2
ε
ϕ cthϕ− L+ 2Lϕ cthϕ+ 2 + 2ϕ cthϕ± 2 ϕ
shϕ
+cthϕ
(
F (e2ϕ − 1)− F (e−2ϕ − 1)) ]. (4.30)
The first divergence is ultraviolet: ZΓ = 1+ CF
αs
4pi
1
ε ; this is the renormaliza-
tion constant of the heavy-light current, and it indeed agrees with what we
have found before (4.13). In the denominator of (4.20), we should use the
renormalization constant of the heavy-heavy current Z˜∆ found before (4.16).
The infrared divergence cancels as it should do, and we obtain the match-
ing [18,64]
Q˜2ΓQ1 =
[
1 + CF
αs
4π
(
2Lϕ cthϕ+
1
2
L+ 2ϕ cthϕ± 2 ϕ
shϕ
+ cthϕ
(
F (e2ϕ − 1)− F (e−2ϕ − 1)))+ · · ·]Q˜2ΓQ˜1 (4.31)
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Figure 11: Light-light → heavy-heavy matching
Finally we shall consider the current Q2ΓQ1 where Q1,2 are the heavy
quarks with the masses m1,2. We can go to the effective theory in which both
of them are considered static. The matching is obtained by comparing the
diagrams in Fig. 11. All external momenta are zero in the effective theory,
therefore the loops vanish. In QCD, the heavy quarks have the momenta
m1,2v1,2. The vertex is
Γ− iCF g2b
∫
dDk
(2π)D
γµ(k̂ +m2v̂2 +m2)Γ(k̂ +m1v̂1 +m1)γµ
k2(k2 + 2m1v1k)(k2 + 2m2v2k)
(4.32)
= Γ− 2iCFg2b
∫
dx1dx2
dDk
(2π)D
γµ(k̂
′ +m2(1− x2)v̂2 −m1x1v̂1 +m2)Γ(k̂′ +m1(1 − x1)v̂1 −m2v̂2 +m1)γµ
(k′2 − a2)3 ,
where a2 = m21x
2
1 + m
2
2x
2
2 + 2m1m2x1x2 chϕ. Now we calculate the loop
integrals. The parametric integrals factorize after the substitution x1,2 =
x(1±z)/2, and the x integrals are trivial (a2 = m1m2x2a+a−, a± = ch ψ±ϕ2 +
z sh ψ±ϕ2 , where ψ = log
m1
m2
):
Γ
{
1 + CF
αs
4π
(
m1m2
µ2
)−ε +1∫
−1
dz
(a+a−)ε
[
H2(D)
8ε(1− ε) +
chϕ
ε(1− 2ε)a+a−
34
+
chψ + z shψ
(1− 2ε)a+a− −
H(D)(1 − z2)
16(1− ε)a+a−
]}
(4.33)
−v̂1ΓCF αs
4π
1
2
+1∫
−1
dz
a+a−
[
1− z + 18Heψ(1 + z)2
]
−Γv̂2CF αs
4π
1
2
+1∫
−1
dz
a+a−
[
1 + z + 18He
−ψ(1 − z)2]
−v̂1Γv̂2CF αs
4π
H
16
∫
1− z2
a+a−
dz.
At m1 = 0 (ψ → −∞) this vertex reduces to (4.22), and at m2 = 0 (ψ →
+∞)—to the mirror symmetric expression. In order to check this, we should
take the limit before ε→ 0. Ultraviolet divergences are the same (4.23), but
the structure of infrared 1/ε poles is different at zero and nonzero masses.
The integrals in z are easily calculable:
+1∫
−1
dz
(a+a−)ε
= 2− 2ε
(
ϕ shϕ− ψ shψ
chϕ− chψ − 2
)
, (4.34)
+1∫
−1
dz
(a+a−)1+ε
=
1
shϕ
{
2ϕ+ ε
[(
F
(
eϕ − e−ϕ
eψ − eϕ
)
+ (ψ → −ψ)
)
−(ϕ→ −ϕ) + 2ψ log sh
ψ+ϕ
2
sh ψ−ϕ2
]}
,
+1∫
−1
z dz
a+a−
=
2
shϕ
ϕ shψ − ψ shϕ
chϕ− chψ ,
+1∫
−1
z2dz
a+a−
= − 4
chϕ− chψ −
4ψ shψ
(chϕ− chψ)2 +
2ϕ
shϕ
sh2 ϕ+ sh2 ψ
(chϕ− chψ)2 .
The Spence functions here are not independent: F
(
eϕ−e−ϕ
e±ψ−eϕ
)
+ (ϕ→ −ϕ) =
1
2 log
2 e±ψ−eϕ
e±ψ−e−ϕ . Matching is determined by the formula similar to (4.20) but
with AQ1AQ2; infrared divergences cancel as they should do, and we finally
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obtain [23,64]
Q2ΓQ1 = AQ˜2ΓQ˜1 +A1Q˜2v̂1ΓQ˜1 +A2Q˜2Γv̂2Q˜1 +A12Q˜2v̂1Γv̂2Q˜1, (4.35)
A = 1 + CF
αs
4π
[
−
(
H2
4
+ 2ϕ cthϕ− 3
)
L− H
2
4
(
ϕ shϕ− ψ shψ
chϕ− chψ − 3
)
−HH ′ + H
4
(
ϕ
shϕ
chϕ chψ − 1
(chϕ− chψ)2 −
ψ shψ
(chϕ− chψ)2 −
1
chϕ− chψ
)
+cthϕ
((
F
(
eϕ − e−ϕ
eψ − eϕ
)
+ (ψ → −ψ)
)
− (ϕ→ −ϕ) + 2ψ log sh
ψ+ϕ
2
sh ψ−ϕ2
)
−2 ϕ
shϕ
chϕ chψ − 2 ch2 ϕ+ 1
chϕ− chψ − 2
ψ shψ
chϕ− chψ − 4
]
,
A1 = −CF αs
4π
[
1
4
Heψ
(
ϕ
shϕ
(
chϕ chψ − 1
(chϕ− chψ)2 +
ϕ shψ − ψ shϕ
chϕ− chψ + 1
)
− ψ shψ
(chϕ− chψ)2 −
1
chϕ− chψ
)
+ 2
ϕ
shϕ
(
1− ϕ shψ − ψ shϕ
chϕ− chψ
)]
,
A2 = −CF αs
4π
[
1
4
He−ψ
(
ϕ
shϕ
(
chϕ chψ − 1
(chϕ− chψ)2 −
ϕ shψ − ψ shϕ
chϕ− chψ + 1
)
− ψ shψ
(chϕ− chψ)2 −
1
chϕ− chψ
)
+ 2
ϕ
shϕ
(
1 +
ϕ shψ − ψ shϕ
chϕ− chψ
)]
,
A12 = CF
αs
4π
H
4
(
ϕ
shϕ
chϕ chψ − 1
(chϕ− chψ)2 −
ψ shψ
(chϕ− chψ)2 −
1
chϕ− chψ
)
,
where L = log m1m2µ2 .
The one-loop matching of the baryonic currents was considered in [47].
Now we are in a position to make some statements of Sec. 2, 3 more
precise. The QCD meson constants (2.9) are related to the HQET constant
by the matching (4.24):
f =
2f˜(m)√
m
(
1− cαs(m)
π
+ · · ·
)
, (4.36)
where c = 43 for vector mesons and c =
2
3 for pseudoscalar mesons (if a fully
anticommuting γ5 is used). The HQET constant depends on the normaliza-
36
tion point as (4.18–4.19):
f˜(µ) = f̂α−2/β1s (µ)
(
1− kαs(µ)
π
+ · · ·
)
, k =
5
12
− 285− 7π
2
27β1
+
107
2β21
.
(4.37)
There are two approaches to the b → c weak decays: one-step match-
ing [23,64] and two-step matching [18,65,64]. We are interested in hadronic
matrix elements of the vector and axial weak currents j = cΓb, Γ = γµ
or γµγ5. These currents are defined in QCD at a high normalization point
µ ∼ mW . In the first approach, we use QCD at the scales from mW down
to some not exactly definable border m ∼ mb ∼ mc. By a chance, the
QCD anomalous dimensions of these currents vanish, and j(m) = j(mW ).
At µ = m we perform the matching (4.35) to the HQET in which both b and
c quarks are considered static. The vector current becomes a combination of
c˜Γb˜ with Γ = γµ, vbµ, and vcµ; the axial current—of the similar currents with
the extra γ5. Then we scale down to a typical hadronic µ using the HQET
heavy-heavy anomalous dimension (4.19). At this point we use the heavy
quark spin symmetry, and express the matrix elements via the Isgur-Wise
form factors.
In the two-step approach, we use QCD from µ = mW down to µ = mb.
At this point we perform the matching (4.24) to the HQET-1 in which b is
static while c is still dynamic. The vector current becomes a combination of
cΓb˜ with Γ = γµ and vbµ (and the extra γ5 in the axial case). Then we use the
HQET heavy-light anomalous dimension (4.19) to scale these currents down
to µ = mc. At this point we perform the matching (4.31) to the HQET-2 in
which both b and c are static. We obtain a combination of c˜Γb˜ with Γ = γµ,
vbµ, and vcµ (with the extra γ5 in the axial case). Then we use the HQET
heavy-heavy anomalous dimension (4.19) and the spin symmetry as before.
In the one-step approach, we can’t sum the αs log
mb
mc
corrections; we can
do it in the two-step approach (even in the subleading order). On the other
hand, the first matching in the two-step method gives a series in mcmb because
mc is the largest mass scale in the intermediate HQET. In the above descrip-
tion all mcmb corrections were discarded, and this is not a good approximation
in the real world. The first mcmb correction can be included [65] (the leading
αs log
mb
mc
corrections are summed in this term using the one-loop anomalous
dimensions), but incorporating the second term would require a large work.
The one-step matching seems more adequate in our world in which mcmb is
not very small and log mbmc is not too large. It is possible to obtain the optimal
combination of both approaches [64]. We expand the result of the one-step
matching in mcmb . Then we extract the zeroth term from the series, and replace
37
it by the result of the two-step matching. We also extract the first term, and
replace it by the first power correction from the two-step matching. The
errors of this procedure are of the order of α2s, or
mc
mb
αs, or
(
mc
mb
)2
αs log
mb
mc
;
they all are small.
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